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Abstract

A higherdimensionalanalogueof the KP hierarchyis presented.Fundamentalcon-
stituents of the theory are pseudo-differentialoperatorswith Moyal algebraiccoef-
ficients. The new hierarchy can be interpretedas large-N limit of multi-component
(gl(N) symmetric)KP hierarchies.Actually, two different hierarchiesareconstructed.
The first hierarchyconsistsof commuting flows andmay be thoughtof as a straightfor-
wardextensionof the ordinary and multi-component KP hierarchies.The secondone
is a hierarchyof noncommutingflows, and related to Moyal algebraicdeformations
of selfdual gravity. Both hierarchiesturn out to possessquasi-classicallimit, replacing
Moyal algebraicstructuresby Poissonalgebraicstructures.The languageof W-infinity
algebrasprovidesa unified point of view to theseresults.
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1. Introduction

The technique of large-N limit is a magic that producesnew continuous
dimensionsout of finite matrix indices. According to observationssince the
early eighties [l]the large-N limit of sI(N) looks like the algebraof infinites-
imal area-preserving(or symplectic) diffeomorphismson a two dimensional

surfaceE:
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lim sl(N)~sdiff(X). (1.1)
N—~x

If centralelements (scalarmatrices)are added,the limit becomesa Poisson
algebra,i.e., the Lie algebrarealizedby a Poissonbracketon the surface:

lim gl(N)~Poisson(!T). (1.2)
A — -c

These intriguing observationsarebasedon the existenceof the so called “sine
generators”in thesematrix Lie algebras.The theoryof sine generatorsfurther
tells us [11 that this is just a special,rathersingularcase;in general,the limit
canalso becomea Moyal algebra:

tim gl(N) Moyal(.~). (1.3)
A —‘

Moyal algebrasare a kind of “quantum deformation” of Poisson algebras,
which is auniquedeformationsubject to a set of natural requirements[2].

Theseobservations,althoughmathematicallyslightly problematical[31have
been a very useful point of view for understandinghigher dimensionalinte-
grable systems.For instance,the large-Nlimit of the sl(N) Toda field theory
becomesa threedimensionalnonlinearsystem(the dispersionlessToda equa-
tion) [4]. Similarly, the large-N limit of two dimensionalnonlinear sigma
modelswith the pure WZW Lagrangiancoincideswith selfdual gravity (the
selfdualvacuumEinsteinequation) [5]. Thesetwo modelsarerelatedto Pois-
son algebras,and well known to be integrable.Recently,a Moyal algebraic
analogueof selfdualgravity was discoveredfrom the samestandpoint[61 and
shownto be integrable [7].

Inspiredby this point of view, we presentin this papera higherdimensional
analogueof the KP hierarchy.The celebratedKP hierarchyis knownto possess
a gl(N) symmetricversion, the so called “N-componentKP hierarchy” [8].
Our new hierarchy may be thought of as a kind of large-N limit of the
P/..componentKP hierarchy. Actually, rather than literally consideringsuch
limit, we directly constructthe hierarchyreplacinggl(N) by the Moyal algebra
Moyal(M) on a symplecticmanifold M. For simplicity, we mostly deal with

the planar case (i.e., the case where M is a two dimensionalsymplectic
manifold), but all results can be extendedstraightforwardlyto more general
cases.

The new hierarchy(which we call the “nonabelianKP hierarchywith Moyal
algebraiccoefficients”) turns out to possessseveral novel characteristics.Of
particular interest is the fact that thereare two distinct types of hierarchies
within this framework. The first type of hierarchyconsistsof a commutingset
of flows like many otherintegrablehierarchies.This hierarchymay be thought
of as the naive large-N limit of the N-componentKP hierarchy.The second
type, meanwhile, is a hierarchy of noncommuting flows. This noncommuting
hierarchy hasa reduction to a hierarchyof integrableflows including Moyal
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algebraicdeformationsof selfdualgravity. TheseMoyal algebraicdeformations
aresomewhatdistinct from Strachan’sdeformation.

Another large-N limit, i.e., the Poissonalgebraiclimit, can be realized as
quasi-classical(h —* 0) limit of theseMoyal algebraichierarchies.The quasi-
classicallimit of the commutinghierarchygivesa higherdimensionalextension
of the dispersionlessKP hierarchy [9]. Similarly, the quasi-classicallimit of
the noncommutinghierarchy is related to hierarchiesof integrableflows in
ordinary selfdualgravity [101.

This paperis organizedas follows. Sections2 and 3 are intendedto be a
reviewof key ideasandtools in the theoryof integrablehierarchiesand Moyal
algebras.The contentsof thesesections, in particular Section 2, are mostly
model independent.Sections4 and 5 are specializedto the Moyal algebraic
hierarchies.The relationto Moyal algebraicdeformationsof selfdualgravity is
discussedin Section6. The quasi-classicallimit is treatedin Section7. Section
8 is a summaryof resultsfrom the point of view of W-infinity algebras.

2. General structure of integrable hierarchies

We here present a general framework for dealing with various integrable
hierarchieson an equal footing. A prototype is the standardtreatmentof the
ordinaryandmulti-componentKP hierarchies[8], which is now reformulated
in an abstractandmodel-independentway.

2.1. Laxand zero-curvaturerepresentations

Integrablehierarchiesusually possesstwo distinct representations—theLax
representationand the zero-curvature(or Zakharov—Shabat)representation.
Algebraicstructuresof theserepresentationsaregovernedby a Lie algebra (of
operatorsor of matrices)with adirect sumdecompositioninto two subalgebras:

(2.1)

Let ( )+ denotethe projectiononto eachcomponent.
Lax and zero-curvaturerepresentationsconsist of differential equations

(“Lax equations” and “zero-curvatureequations”) for t-dependentelements
L0 and B1 of the aboveLie algebras:

Lry = L~(t) e g, B, = B•(t) E ~ (2.2)

where a ranges over a finite index set, i over another (finite or infinite)
index set.Let uscall the L0’s “Lax operators”andthe B1’s “Zakharov—Shabat
operators.”The Lax representationcan be written

= [B1,L~], (2.3)
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wheret denotesa time variableof the “i-th” flow. Thezero-curvatureequations
(or “Zakharov—Shabatequations”)cansimilarly be written

0B1 DR1
— -~--- + [B1,B1] = 0. (2.4)

~~itJ 1./ti

The Lax and Zakharov—Shabatoperatorsshould be selectedso that these
equationsbe consistent.

Example (KP hierarchy):For the KP hierarchy,~ is comprisedof pseudo-
differentialoperators(of finite order) in onevariablex with scalarcoefficients,

c={AIA=~a0D~}, D~=D/Dx,

(~an~~) = (~an~~)=

— n>0

(~an~~)= (~a0ar) = ~ ~ (2.5)
— n<-1

The Lax andzero-curvaturerepresentationsareformulatedin termsof a single
Lax operatorL of the form

00

I 0 0fl
= ‘~ + g~~ic’~

0=1

andand an infinite numberof Zakharov—ShabatoperatorsB0, n = 1,2,...
given by

B0 = (L
0)>

0. (2.7)

Example (multi-component KP hierarchy): The formulation of the N-
componentKP hierarchy is very similar, but basedon pseudo-differential
operatorswith N x N matrix-valuedcoefficients. Besides an analogueL of
the Lax operatorin the one-componentKP hierarchy,we needN additional
Lax operatorsU0, ci = 1, . . . , N to formulate the Lax andzero-curvaturerep-
resentations.Flows are numberedby a doubleindex i = (n,o) (n = 1,2,...,

= 1 N) andgeneratedby the Zakharov—Shabatoperators

B00 = (L°U0)>0. (2.8)

2.2. Dressingoperator

Integrable hierarchiesof the above type allow anotherfundamentalrep-
resentation—thedressingoperatorrepresentation.The dressingoperatoris a
t-dependentgroup element

W = W(t) e exp g (2.9)
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of the subalgebraç~with which the Lax operatorsL0 are expressedin the
“dressing” form

= WC~W’. (2.10)

wherethe C1, are “undressed”operatorsthatare independentof the solutions
under consideration.With a suitable choice of the dressing operator, the
Lax andzero-curvatureequationscan be convertedinto a set of differential
equationsof the form

= B~W—WG1, (2.11)

where the G, are a commuting set of operatorsthat are also independent
of solutionsof the hierarchy.The Zakharov—Shabatoperatorsturn out to be
written

B1 = (WG1w_1), (2.12)

so that one can eliminate B from the aboveequations.This results in the

equations

= — (wG1wj W. (2.13)

The last equationsgive a well defined set of flows on the group exp ~
generatedby g.

Example (KP hierarchy): In the caseof the one- andmulti-componentKP
hierarchy, i4’ is a pseudo-differentialoperatorof the form

W = 1 + (2.14)

Remark:In the traditional theoryof integrablehierarchies,C0’s are usuallyt-
independent.We shall, however,see in later sectionsthat this is too restrictive.
Furthermore,we shall extend the presentsetting to a casewhere G1’s are
noncommutative.

2.3. Factorizationrelation

The above flows on exp ç can be translatedinto a kind of “factorization
relation” in the group exp ~ generatedby ~ (also called a “Riemann—Hilbert
problem”). The following formulationis inspired by Mulase’s work on the KP
hierarchy [ill. [Remark: In general,such agroup exp ~ might not exist in
a mathematicallyrigoroussense,but somerealization as a “formal group” is
alwaysavailableas Mulaseillustratesfor the caseof the KP hierarchy. Because
of this, we use this somewhatloose notationanddareto call it a “group”.]
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A fundamentalfactorizationrelationcanbe written

W(t)E(t)W(0)~= W(t) ~ exp G+, (2.15)

where W(0) is the “initial value” of 14” = W(t) at t = 0, W(t) is a t-

dependentelementof exp ~, andE(t) is given by

E(t) = exp (~t1G1). (2.16)

(To be more precise,onehasto enlargec+ into a “formal completion” with
respectto time variables [111.) The aboverelationcan be rewritten

E(t)W(0y’ = W(t)’ 147(1), (2.17)

which looksmore like a “factorization” or a “Riemann—Hilbertproblem.” The
direct sum decompositionat the level of the Lie algebra, (2.1), yields the
direct product decomposition

exp ~7 exp ~L.x exp c+ (2.18)

atthe grouplevel. The factorizabilityis thusensuredat leastin aneighborhood
of t = 0. Eventually,the flows on the spaceof dressingoperatorsareconverted
into the actionof E(t) on the cosetspace

exp g exp c/expg~ (219)
W ~ [W] = l’Vexp ~

Let usbriefly showhow to provethe equivalenceof (2.11) and (2.15). (For
more details,see Mulase’spaper[11].)

(2.15) ~ (2.11): Differentiatingboth sides of (2.15) and recalling (2.16),
one canderive the relation

(DW(t) + W(t)G1)E(t)W(0)’ = 0~~(t) (2.20)

Using the factorization relation onceagain, one can eliminatethe initial data
W(0) to obtain

(DW(t) + W(t)Gt) W(t)’ = D~V(t)~V(t)’. (2.21)

Since the right handside gives an elementof ~ the ~L componentof the
left handside shouldbe identically zero. This gives Eq. (2.11).

(2.11) ~ (2.15): Eq. (2.11) canbe rewritten

~(W(t)E(t)) = B1(t)W(t)E(t), (2.22)
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and repeateduseof this formula yields a similar expressionfor higher deriva-
tives,

~(W(t)E(t)) = B1..t~ (t)W(t)E(t), (2.23)

where Bilk lies in g.e. Evaluatedat t = 0, they give Taylor coefficientsof
W(t)E(t),

W(t)E(t) = W(0) + ~t1B1(0)W(0) +

= (1 + ~t1B1(0) + ...) W(O), (2.24)

and the first factor 1 + ~t,B1(0) + on the right hand side becomesan
elementof expg~.Writing this factor W(t), one finds that the last relation is
nothingbut the factorizationrelation.

3. Pseudo-differential operators with Moyal algebraic coefficients

Basic constituents of our new hierarchies,too, are pseudo-differentialop-
erators.Pseudo-differentialoperatorsin the N-componentKP hierarchy have
N x N matrix-valued coefficients. We replacethesecoefficientsby elements
of a Moyal algebraMoyal(M). For simplicity, we here deal with the simplest
casewhereM is a two dimensionalplane.

3.1. Moyal bracketandstar product

Let (y, z) be a pair of canonicalcoordinateson a two dimensionalplanar
symplecticmanifold. The Moyal algebraconsistsof functions (or of formal
power series)of (y, z) equippedwith the Moyal bracket

2. /1/ ~2 ____{a,b}h = sinh ~ ~Dj’Dz’ — DzDy’) a(y,z)b(y , z ) , (3.1)

whereh is a nonzeroparameter(“Planck constant”).Actually, we ratherwish
to considerthe Moyal algebraof formal powerseriesof (y, z) (andof h). This
is indeedpossible,becausethe right hand side of the above formula is still
meaningful in such a case.The “Planck constant”/1 thenplays only a formal
role. [Remark:The abovedefinition of the Moyal bracketis somewhatunusual;
usually, “sinh” is replacedby “sin”. This is just for simplifying notations,and
one can go back to the ordinary situationby replacing/1 —~ ill.]

The Moyal bracket is a kind of “quantum deformation” of the Poisson
bracket
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DaDb DaDb
{a,b} = ~-~——~--~--, (3.2)

reducingto the latter in the classicallimit,

{a,b}h —* {a,b} (11 —~ 0). (3.3)

The canonical coordinates(y, z) are indeed canonical for both these Lie
brackets:

{y,z}h = 1, {y,z} = 1. (3.4)

Unlike the Poissonbracket, however,the Moyal bracket can be written as a
(normalized)commutator

{a,b}h = h’(a*b—b*a) (3.5)

of an associativeproduct—thestarproduct [1,2]

hi 132 ~2 \

a*h = exp 2 ~DyDz’ — azoy’) a(y,z)b(y,z ~ (3.6)
The starproductis nothingbut the compositionrule of Weyl-orderedoperators.

3.2. Pseudo-differentialoperatorswith Moyal algebraic coefficients

Pseudo-differentialoperatorswith coefficientsin theMoyal (or starproduct)
algebraare, by definition, linear combinations

A = ~a0a~ (3.7)

of powersof D~with x-dependentcoefficientstakenfrom the Moyal algebra:

a0 = a0(h,x,y,z). (3.8)

Multiplication of two pseudo-differentialoperators,which we write A B and
consideran extensionof the starproduct, is definedterm-by-termas:

(aDfl * (bD~)= ~ (~)a* ~am+n-k (3.9)

Actually, it is more natural to expandpseudo-differentialoperatorsin powers
of h3~rather thanD.~.This indeed becomescrucial in the constructionof
integrablehierarchies,as we now show.

We now specify a Lie algebra~ with direct sum decompositioninto two
subalgebrasfor our new hierarchies.The Lie algebra~, by definition, consists
of pseudo-differentialoperatorsof the form

A = h’~a0(h0J~ (3.10)
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with Moyal algebraiccoefficientsthat behavesmoothlyas h —‘ 0:

a0 = a~
01(x.v.z)+ 0(h) (h—0). (3.11)

it is not hard to check that thesepseudo-differentialoperatorsare indeed
closedunderstarproduct commutator[A, B] = A * B — B * A. The direct sum
decompositionis basicallythe sameas in the multi-componentKP hierarchies:

c =

)+ = ( )>o : projection onto (hDk)°,(hD~)’

)_ = ( )<_~ : projectiononto (hit)’, (h0~)~2 (3.12)

The dressingoperatorshouldbe a group elementof ~<

14” = exp,h’A, A E g<~. (3.13)

Onecan furtherexpandW into negativepowersof ll0~,

W = 1 +~?I)~(h0~)~, (3.14)

but the coefficientsw
0 will havesingularitiesat h = 0 that are ratherhard to

control. This is by no meansa special propertyof the presentsituation,but
commonto this kind of formulation of h-dependentintegrablehierarchies.

4. Hierarchy of commuting flows

Having the above Lie algebraof pseudo-differentialoperatorswith Moyal
algebraic coefficients, we can now proceedto the constructionof the first
hierarchythat consistsof commutingflows. The constructionis almostparallel
to the ordinary andmulti-componentKP hierarchies.

4.1. Equationsofthe dressingoperator

Let us assumethe setting in the end of the last section, and formulate
the hierarchyin the languageof dressingoperators.As in the caseof the N-
componentKP hierarchy, the index i of flows is a doubleindex (n,w). Both
components,however, range over all nonnegativeintegersas n = 0,1,2

= 0, 1, 2 The generatorsG1 of flows aregiven by

= (hD~)’~t’
0. (4.1)

which obviously commutewith each other. The differential equationsof the
dressingoperatorare given by



K. Takasaki/Journalof GeometryandPhysics14 (1994)332—364 341

13W

= B00 * W— W* G00,

B00 = (w*G00*w_1). (4.2)

To see that theseequationsfall into the general framework of the previous
sections,let us rewrite theseequationsas

ow -l -1
= h B01, * W— W * h G01,,

Li

= (w * h’G00 * wj. (4.3)

Now h~G00is an elementof ~. Since W is assumedto be in exp ~ the
conjugationW * h’ G01, * W’ againbelongsto ~. Thereforeh~B01, becomes
an elementof c>0. Thus the consistencyof the aboveequationsis ensured.

Theseflows are highly nonlinearandnontrivial in general,but lowest flows
containtrivial ones.For instance,the Zakharov—Shabatoperatorsfor (n,~s) =

(0,0), (1,0), (0,1) are given by

B00 = 1, B10 = h3~, B01 = y. (4.4)

Therefore

aw_0 ow_ow 13W_OW 45
— ‘ 8t10 — Ox’ at01 — Dz ( .

i.e., W is independentof t00, andthe flows of t10 and to1 are just translations
in x andz.

The factorizationrelation, too, can be formulated in the sameform. The
exponentialoperatorE (t) is now given by

E(t) = exp~h’ (~t01, (h1~)0y0), (4.6)
0,0

whereexp~denotesthe starexponential,

exp~A = 1 + ~ * ... * A (n-fold starproduct). (4.7)

With this star exponential operator, the flows on the space exp c<-1 of
dressingoperatorscan be identified with the actionof E (t) on the cosetspace
exp g/exp ~�0•

4.2. Lax and zero-curvatureequations

We now considerthe operators

L = W* hok * W
1, U = W* y * W~ (4.8)
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as analoguesof the Lax operatorsL and (f, of the N-componentKP hierarchy.
They can be written

00 00

L = ho0 + ~ g0+i (hO~)
0, U = y + u

0 * L~’
1, (4.9)

andthe coefficientsturn out to havea smoothlimit as h —~ 0,

g
0 = g~

0~(1,x,v. z) + 0(h), U~= U~°~(t,x,v, z) + 0(h). (4.10)

[Proof: The dressingoperator14” is assumedto be the starproductexponential
of an elementof f~. Evaluating IT’ * hO~* W~and W *y * 1471 by use of

the generalformula

eXYe~= V + [X,Y] + ~[X,[X,Y]] + , (4.11)

one can indeedprove the abovefact. Q.E.D.]

Zakharov—Shabatoperatorsaregiven by
B ~ *

wherewe abbreviateL° = L* .*L (n-fold starproduct)and U1t = U~.. .* U

(ct-fold starproduct).
As a consequenceof (4.3), these operatorsturn out to satisfy the Lax

equations

= [B~
11,L], h-~-~---= [B011,U] (4.13)

13
1fl0 tfl(1

and the zero-curvatureequations

h~Bm(1~ + [Bmtt,Bnfl] = 0 (4.14)
0t~f3 3l,fl(,

with respectto the starproductcommutator[A, B] = A * B — B * A.

4.3. ExtendedLax equations

We now introduce anotherpair of Lax operators.This is inspired by the
treatmentof quasi-classicallimit of the KP hierarchy [12]. The extra Lax
operatorsaregiven by

M = W* E(1) * x * E(1)~’* W~’,

V = W * E(t) * z * E(t)’ * W’, (4.15)

and satisfy the sameLax equations

= [B
011,M], h-~—~---= [B01~,1~] (4.16)

310(1 010(1

as well as the canonicalcommutationrelations
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[L,M] =h, [U,V] =h,

other commutators= 0. (4.17)

Let us specifythe structureof theseextraLax operatorsin more detail. By
useof formula (4.11), one can calculatethe “pre-dressing”by E(t):

E(t) *x*E(t~’ = ~ntfl(,(hO,k)~’y” + x,
0,0

E(t)*o*E(1)’ =~cttn
0(hO~)0yh1~+ z (4.18)

0(1

Dressingby Wcan easilybe evaluatedby the formulas

w * x * W
1 = x + (elementof ~

W* z * W1 = z + (elementof c<1),
W* (hD~)

0y0 * W-1 = L0 * Uct. (4.19)

Thus,eventually,M and V turn out to be written

M = ~nt
00L * U

1’ + x + ~h
0+1 *L~’,

0.0 n=1

V = ~ at011L
0 * U1’~+ z + v

0 * L
0, (4.20)

0,0 n=1

andthe coefficientsh
0 andv0, like thoseof of L and U, havea smoothlimit

as /1 —~ 0:

h~°
1(t,x,y, z) + 0(h), V

0 = v~°~(1,x,y,z) + 0(h). (4.21)

Remark:We could havedefinedM = W* x * W’ and V = W* z * W~’,
but then extra terms emerge on the right hand side of the Lax equations.
Exactly the samephenomenontakesplacein the KP hierarchy [12]; the above
definition of M and V mimics the formulation developedtherein. In this
respect,we should define L and U, too, via the same“pre-dressing”by E(t).
This howevergives the sameresultbecausehO~andy commutewith E(t).

5. Hierarchy of noncommuting flows

By “noncommutingflows” we meanaset of flows with generatorsG1 that do
not necessarilycommutewith each other. In general,such noncommutativity
causesserioustrouble in formulating a Lax formalism. In the following case,
however,the generatorsobey ratherspecialcommutationrelations,so that we
can write down Lax equationsetc. in almost the sameexplicit way as in the
caseof commutingflows.
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5.1. Equationofthe dressingoperator

The secondhierarchyconsistsof flows with threeseriesof time variables,
= (11,12,...),p = (pl,p2,...), and q = (q1,q2,...).The flows aregenerated

by the left actionof the starproductexponential

E(t,p,q) = exp~h1(~tn(h0)0_~p0z(hO~)0+ ~qnv(h0v)0)
n=I n=1 n= I

(5.1)
on the cosetspaceexp ~/ exp c>0. Theseflows can be convertedinto flows

on the spaceexp ç<.~of dressingoperatorsby the factorizationrelation

W(t,p,q) * E(t,p,q) * W(0,0,0)~= J~’(t,p,q)E expc>0 (5.2)

connecting14” = W(t,p,q) with the initial value at (t,p,q) = (0,0,0). The
generatorsof flows in E(t,p, q) are noncommutative,

[h~ (h0~)”
1vh~’(h0~)0z] = h’ (h0~)”~0, (5.3)

but notethat commutatorsare all central.Thus the algebraicstructureis very
similar to Heisenbergalgebras.This is a key to the following calculations.

Becauseof this mild noncommutativity,one can explicitly write down dif-
ferential equationssatisfiedby E(i,p,q) as:

~oE(t~P~~) = (h0
0)nF(tpq)

h
0~~’ ~ = (—z(h0~)’~— ~ q,

11(hOx)’~”)* E(t,p, q),
in =

hOt~P~~= (v(h0x)~+ ~ p,0(h0J~~)* E(t,p,q). (5.4)
,n=1

[Proof: To derive theseformulas, let us factorize E(t,p,q) in two different
ways:

00 00

E(t.p,q) = exph’ (~t,,(hfJJ
0—

n=1

—~ ~ p,
0q,2(h0~)m+0)* exph~(~qnv(hojuo)

m,n=1 n=1

00 00

=exph1(~1n(h0~)it +

n=1 ti=I

~ p,,7q0(hO.v)m+0)*exph~1(_~pnz(hOx)hi).(5.5)
,n.n=l n=1
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Here we haveusedthe Campbell—Hausdorffformula

eXeY= exp(X + V + ~[X, Y] + ...) (5.6)

for the starproduct.(Note thatbecauseof the abovecommutationrelationsof
Heisenberg-type,multiple commutatorsdisappear.)The first factorizedform of
E(t,p, q) is suitedfor calculatingp-derivatives,becausepn’5 areincludedonly
in the first factor,andall termsincludedthereincommutewith eachother.The
secondformula of (5.4) can thus be proven.Similarly, the secondfactorized
form of E(t,p,q) can be used to evaluateq-derivatives. For 1-derivatives,
nothingsubtle is required.Q.E.D.]

Having thesedifferentialequationsfor E(t,p,q), one can derivedifferential
equationssatisfiedby the dressingoperatoras:

h~*w~
010

* w_1 = _(_w* z(hO
0)

0*
apn

— ~ q,
0W* (ha~)

m~0* wj,
m=1 -

* w~= —(w*y(ho~)~* 147-I

+ ~ ~p,~W* (hO~)m~0*IT’’). (5.7)
m=l -

[Proof: We simply repeatthe reasoningin the end of Section 2. For instance,
let uscheckthe secondequation.Differentiatingthe factorizationrelation and
eliminating the initial value W(0, 0,0), one obtainsthe basic relation

(~+ W*~*E~’~*W’ = ~ (5.8)
\~Op

0 OPn j Op,~

Sincethe right handside shouldbe an elementof ~>o,

(left handsideof (5.7)) = 0. (5.9)

By use of (5.4), one can easily checkthat this gives the secondequationof
(5.7). The otherequationscan be proven in the samemanner.Q.E.D.]

5.2. Lax andzero-curvatureequations

We now define Lax operators just like the definition of M and V in the
commutinghierarchy:
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L=W*E(t,p,q)*hO~*E(t,p,qy’*w’,

M = W * E(t,p,q) * x * E(t.p,q)~*

U = W* E(t,p,q) *y * E(t,p,q)’ *

V = w * E(t,p,q) * z * E(t,p, q)~ * W’. (5.10)

“Pre-dressing”by E(t,p,q) can be calculatedby useof (4.11) as:

E(t,p,q)*hO~*E(t,p,qy’ = hat,

E(t,p,q) *x*E(t,p,q)’ = ~nt0(hD~)~’ —~np0z(hO5)~~

+ ~ nq0y(hD~)~— ~ (rn — ~ + x,
n=1 ,n,n=l

E(1,p,q) *y*E(l,p,q)~ = ~p0(hO5)~ +y,

E(t,p,q) * z * E(l,p,q)’ = ~ q0(h~)
0+ z. (5.11)

Dressingby W, then,yields the following expressionof the Lax operators:

L = hD~+

M=~ntnL0l_~np
0V*L0+~nq0U*L01

001 00

~ (m — n)p~q0Lm+0~+ x + ~ h0~1* ~
m.n=l n=1

00 00

U ~p0L~ + y + u0 *

V = ~ q0L
0 + z + ~ v~* L0. (5.12)

Justas in the commutinghierarchy,cf. (4.10) and (4.21), the coefficientson
the right handsides havea smoothlimit as h —f 0.

Let us now write downdifferentialequationssatisfiedby theseLax operators.
First notethat (5.7) can now be written
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= —(L0)<_
1 * W,

Otfl -

= _(—V*L0 + ~ qrnLm+n) *

,n=1 -

h~j~= (U*L0 ~~pmLm+0)<1 * w. 5.13

Remarkably,M doesnot occur on the right handside. This implies that one
doesnot actuallyneedM for defining Zakharov—Shabatoperators.One can
indeedderive, from the aboveequations,the Lax equations

= [BO,L], h~±_= [CO,L], h~±_= [D0,L],

OU DU OU

= [B0, U], h~—= [C0,U], h~—= [D0,U],

= [B0,V], h~-~-= [C0,V], 13~_~~1I= [D0,V]. (5.14)

The Zakharov—ShabatoperatorsB0, C0 andD0 are givenby

B ! ~

n~k 1>0,

C0 = (_V*L~ + ~
m=1 -

D0 = (u * L
0 — ~ PmLm+0), (5.15)

m=1 -

andsatisfythe zero-curvatureequations

hO~~mhOBO~ ~+[Bm,Bn]0,
Ut

0 Ut~

~OBm ~OC0
,t-~-—_,i-~---_ + [B,,~,Cn] 0,

UP0

1~1m

~,OBm ?0D
0

tt~t~ + [Bm,Dn] 0,
(Jq0 1./tm

+ [Cm,Co] 0,
p0 pm

hOCm hDD0 C D 0
- ~-~— + [ ~, n] =

+ [Dm,Dn] 0. (5.16)

Thus the Lax andzero-curvatureequationsareclosedwithin L, U and V. (Of
courseM. too, satisfiesthe sameLax equationsas the other threeLax oper-
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ators.) Let us focus the following considerationon thesethree Lax operators.

Note that they obey the commutationrelations
[L, U] = [L, V] = 0, [U, V] = h. (5.17)

6. Reduction to selfdual gravity

Moyal algebraic deformations of selfdual gravity emergefrom the hierarchy
of (t,p,q) flows as a kind of “dimensional reduction”. Actually, connection
to selfdualgravity takestwo distinct forms,which correspondto two different
local expressionsof selfdualgravity—the first andsecondheavenlyequations
of Plebanski [13].

6.1. Constraintsand reducedvariables

The reductionof the (i,p, q) flows is definedby the constraints

= 0, n = 1,2,... (6.1)

on the coefficientsof the dressingoperator.This forcesL andB0 to be trivial,

L = ~ B0 = (hO5)
0. (6.2)

In particular,

OW
0 OL OU OV 0 63

Otn — Olfl = Oln = 0t~ = (
Undertheseconstraints,ho0 may be replacedby a “spectral parameter”2.

The dressingoperatorthen turns into a Laurent serieswith Moyal algebraic
coefficients:

= 1 + ~ (6.4)

This type of constraint is also used in the theory of multi-component KP
hierarchies[8] to derive an N-componentversion of the AKNS (Ablowitz—
Kaup—Newell—Segur)or ZS (Zakharov—Shabat)hierarchy.Therole of dressing
operatorsis played thereinby a Laurent serieswith matrix coefficients:

W(A) = l + ~ w0(t) E gl(N). (6.5)

The Lax andZakharov—Shabatoperators,too, can be representedby Laurent
series. As noted above, L is now trivial. Nontrivial dynamicalcontentsare
carriedby U and V, which are now replacedby Laurent seriesof the form
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U(2) = ~p~20 + y +

00 00

V(2) = ~q02~ + z + ~v02~. (6.6)

Algebraicrelationsamongthe Lax operatorsarecarriedoverto theseLaurent

series.For instance,U(2) andV(2) obey the canonicalcommutationrelation

[U(2), V(2)] = h (6.7)

andthe dressingrelations

U(2) = W(2) * (~p~2n+ y) *

+ W(2) *y* W(2)’,

V(2) = W(2) * (~qo20+ z) * W(2)’

= ~ q02
0 + W(2) * z * W(2)~ (6.8)

Laurent series correspondingto Zakharov—Shabatoperatorswill be given in
the nextsubsection.

6.2. Equationsofflows in termsofLaurentseries

The factorizationrelationconnectingWandits initial valueis now translated
into a factorizationrelation for W(2) = W(p,q, 2) and its initial value at
p = q = 0:

W(p,q,2) *E(p,q,2) * W(0,0,2)1 = l’V(p,q,A), (6.9)

where 14/(p,q,2) is a Laurent series to be obtained from 14” by replacing
2 (which, too, turns out to be independentof x and1), andE(p,q,2)

is the Laurent series
00 00

E(p,q,2) = exp~h1(—~~nz20 + ~qoy20). (6.10)

(We put t = 0 here and in the following.) The Lie algebra~ of pseudo-
differential operatorsshould thus be redefinedto be a Lie algebraof Laurent
serieswith Moyal algebraiccoefficients:
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g = {A A = ~a0(h,y,z)2~} =

)+ = ( )>o : projectiononto20,21,...,

= ( )<~ : projectiononto21,22,.... (6.11)

Differential equationsfor the Lax anddressingoperators,too, can be trans-

latedinto the languageof Laurentseries.First, W (2) satisfy the equations

= (V(2)2
0)<

1 *
pn -

h
0~”~ = — (U(2)).~)<

1* W(2). (6.12)

Similarly, U(2) andV(2) satisfythe Lax equations

= [C0(2), U(2)] = [- (V(2)2
0)>

0, U(2)],

= [D0(2), U(2)] = [(U(2)2
0)>

0, U(2)],
—

= [C0(2), V(2)] = [— (V(2)2
0)>

0, V(2)],
p0 -

= [D0(2), V(2)] = [(U(2)2
0)>

0, V(2)], (6.13)
q0 —

where C0(2) andD0(2) are given by

C~(2)= — (V(2)2
0)>

0 + ~
,n=l

D0(2) = (U(2)2
0)>

0— ~ ~pm2~~ (6.14)
m=1

and obey the zero-curvatureequations

hOCm(2) _hOC0(2) + [Cm(2),Cn(2)] 0,
Op0 Opm

hOCm(2) — hOD0 (2) + [Cm (2), D0 (2)] = 0,
0q0 Op~

hODm(A) _hDDn(
2) + [D

10(2),D0(2)] =0. (6.15)
0q0 Oqrn

6.3. Relation to the secondheavenlyequation

We nowshowthatthe abovereducedhierarchyis relatedto a Moyal algebraic
deformationof selfdualgravity. This deformationcorrespondsto Plebanski’s
“secondheavenlyequation” [13]:
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1326 020 106’ O0’l
____ — + <—, = 0. (6.16)
OyOq OzDp ~Oy Ozj

Strachan’sequation [6], on the other hand, is adeformationof Plebanski’s
“first heavenlyequation” [13]:

~-OQ OQ’~ 02Q O2Q — 02Q o2Q = 1 (6.17)
tOp Oqi OpOpl3qOq f3pfqOqOp

where (p,q,j3,~) are anotherset of variables, and { , } stands for the
Poissonbracket in (j~,c~).Comparingthe above hierarchy with hierarchies
constructedin Ref. [10], and identifying

Pi = p, q
1 = q, (6.18)

one will seethat the abovehierarchygivesa Moyal algebraicdeformationof a
hierarchyconstructedtherein for the secondheavenlyequation.Furthermore,
Plebanski’s6’ potential turns out to be linked with the next-to-leadingterm
w1 of W(2):

6’ = —hw1. (6.19)

Let usshow how to deducethesefacts. To this end, we rewrite (6.12) as

* W(2)’ = (V(2)2
0)<

1,
p0 -

* W(2)~= — (U(2)2
0)<

1, (6.20)

andextract2~termsof both sides.This resultsin the relations

Ow1 13w1
= v0.÷1, h-~-—-- = —u0~1. (6.21)

[Actually, theserelationscan be extendedto the caseof n = 0 by identifying

Po = y, q0 = z, (6.22)

as one can directly checkfrom the definition of U(2) and V(2).] In termsof

the function 6’ definedby (6.19), theserelationscan be rewritten
06’ 06u0 = , V0 = — . (6.23)

upni

In fact, exactly the samerelationsfor selfdualgravity have beenderived in
Ref. [10]. Furthermore,repeatingthe technicalcalculationspresentedtherein,
one can showthat Eqs. (6.15) are actuallyequivalentto:
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DVm Dy
0

— ~ + {Vn,Vm}t = 0,
U~n UPm

OUm O~n
-~-——+ ~— + {v0, um}~= 0,

Pn q~
ttm U

0
— a— — {u0, Um}~= 0, in, ii = 0, 1 (6.24)

U~n UP~n

By (6.23), theseequationscan be rewritten

1326 026 1 06) 06 ~

OpoOq~i— Op,00q0_1
10Pn-l’~Pm-if~ = 0,

026 ~ 1 06 00 ‘~

Op
0Oqm_~— DqmDpn1 — ~Op0i’ Dq,0_1j~=

020 — 020 — .1 06 00 ~ —0 (625)

OqnOqm_l OqmOq0~1 ~ Oq0.1’ Oqm_l 5 —

The secondequationwith in = n = 1 givesa Moyal algebraicdeformationof
the secondheavenlyequation(6.16). In the limit of h —tO, the Moyal bracket
{ , ~ turns into the Poissonbracket{ , }, andtheseequationsreproduce
ahierarchyconstructedin Ref. [10].

6.4. Relation to thefirst heavenlyequation

The relation to the first heavenly equation is more involved. The first
heavenlyequation (6.17) is written in termsof the Poissonbracket ~ , }
in (j3,~),andStrachan’sidea is to deform this bracketinto a Moyal bracket
as:

i~l3Q0Q O
2Q 02Q 02Q 02Q

= .. — .. + 0(h) = 1. (6.26)Op’ Oq J ii OpOp OqOq 0pOq Oql3p

Thesebracketsdiffer from our bracketsin (y, z). Nevertheless,very curiously
and remarkably,it turns out that a similar Moyal algebraicanalogueof the
first heavenlyequationemergesin a “gauge transformation” of the present
hierarchy.

Let us first specify this gauge transformation.By “gauge transformations”
we meansymmetriesof Eqs. (6.12)—(6.15)given by

W(2) W~(2)= g~ * W(2),

U(2)~LT~(2)=g~*U(2)*g,

V(2) V~(2)= g’ * V(2) * g,
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Co(2)~C~(2)=g1*Cn(2)*g_g1*~,
Pn

D0(2)~D~(2)=g’*D0(2)*g—g’*~, (6.27)
q0

whereg is a functionof (y, z,p, q) andindependentof 2. With suitablechoice
of g (i.e., “a gauge-fixing”),2°terms in Cff(2) andD~(2)canbe eliminated.
Such a gauge-fixingis realizedby

g = Wü, (6.28)

where t10 is the leading term of the Laurent series W(2) that arises in the
factorizationrelation:

= ti~0+ t~12’+ . (6.29)

The factorizationrelation,too, is gauge-covariantif 1~1~’(2) is alsotransformed
as

—~W~(2)= g’ * W(2). (6.30)

In the languageof the factorization relation, the above special gauge trans-
formation simply meanschanginga normalizationcondition of solutions.By
the abovegaugetransformation(notethat g~pqo = 1), indeed,the original
normalizationcondition

W(2)L = 1 (6.31)

is convertedinto a new condition of the form

= 1. (6.32)

This correspondsto taking a new direct sumdecompositionof ~:

= ~�l +

)+ = ( )>o : projectiononto 21,22,...,

)— = ( )<o : projectiononto 2°,2’ (6.33)

Repeatingpreviouscalculationsin thisnew setting,onecanderivethe following
equations,which are gaugetransformationsof (6.12):

0W~(2)
h = (1/g(2)20) *

Opn

~OW~(2) = _(U~(2)20) * W~(2). (6.34)
Oq0 <0

This kind of gauge transformationis also known for the KP hierarchy etc.
[14].
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Let us now return to the issue of selfdualgravity. We now arguethat the
function

Q = —h~if (6.35)

satisfiesa Moyal algebraicanalogueof the first heavenlyequation,

IOQ 0Q~ 02Q 02Q 02Q 02 Q
~Op’0q~ = OpOyOqOz— OpOzOqOy + 0(h) = 1, (6.36)

where (p
1,q1) are identified with (p,q) as in (6.18), and ?IJf is the next-to-

leadingterm of Laurent expansionof r4’~(2),

= 1 + ?i~f2+ .... (6.37)

Let us showdetails.As a consequenceof the factorizationrelation, w~(2)
satisfiesthe sameequationas W~(2):

0W~(2)
h = (Vr(2)20) * W~(2),0Pn

= (LT~(2)2n) * W~(2) (6.38)

Then imitating the derivationof (6.23), we can showthat

OQ o~2
u~= —. , v,~ = , (6.39)

c3q
0~1

0P
0+i

whereu~and v~are Laurent coefficientsof u~(2) andV~(2),

= ~p02~ + u~+
,i=1 ,i=1

00 001

V~(2) = ~ q02
0 + ~

0g+ ~ v,~2”. (6.40)

In particular,

ug = —~-~-, v~= ~ (6.41)
Oq~ 0p~

On the otherhand, by the construction,u~andv~are linked with the canon-
ically conjugatepair V andz as

u~= g’ *y*g, yg = g~*z*g, (6.42)

hencecanonicallyconjugatein themselves:

{U~,v~}h= 1. (6.43)

Substitution of (6.41) into this relation yields (6.36). Furthermore,as in
the caseof 6’, one can derive an infinite system of equationsfor Q. Those
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equationsgive aMoyal algebraicdeformationof anotherhierarchyconstructed
in Ref. [10].

We are thus in a somewhatpuzzled situation. Our Moyal algebraicdefor-
mation (6.36) hasexactly the samestructureas Strachan’sequation (6.26),
but the Moyal bracketsare living in apparentlydifferent planes,i.e., (y, z)
and (i3, ci). In the standardtreatmentof selfdualgravity, the two coordinate
systems(p, q,y, z) and (p, q,j~,c~)aredistinct andneveridentical (unlessthe
spacetimeis flat).

This problem will be resolved in a Toda version of our Moyal algebraic
nonabelianKP hierarchies.Thedressingoperatorapproachof Ref. [7], actually
employstwo dressingoperatorsratherthana single oneas we now considering.
This situation resemblesthe Toda hierarchy [15], which, too, is basedon
two dressingoperators.(Actually, althoughnot clearly mentionedtherein, the
fundamentalideas in Ref. [7] are rather borrowed from the theory of the
Todahierarchy.)A naturalframework in which to embedStrachan’sequation
is thusa Moyal algebraicversion of the Todahierarchy.

7. Quasi-classicallimit

The Moyal algebraichierarchiesof both commutingandnoncommutingtypes
turn out to have a quasi-classical(h —p 0) limit. The hierarchiesin this limit,
too, allow Lax- and zero-curvature-typerepresentations,but commutatorsin
the ordinary framework are now replacedby Poissonbrackets.The situation
is parallelto the KP hierarchy;its quasi-classicallimit is the dispersionlessKP
hierarchy, andPoissonbracketsare two dimensional.In the presentsetting,
Poissonbracketsare four dimensional.

7. 1. Prescriptionofthe quasi-classicallimit

Let us recall the derivation of the dispersionlessKP hierarchyas the quasi-
classical limit of the ordinary KP hierarchy. The canonically conjugateLax
operatorsL andM of the KP hierarchy [12], in the presenceof h, can be
written

L = h0~+ ~ g0~i(h0~)
0,

M=~nt
0L~’ +x+~h0~1L~’, (7.1)

andsatisfythe canonicalcommutationrelation

[L,M] = h (7.2)
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andthe Lax equations

= [B0,L]. 3M = [B0,M], (7.3)

where

B0 = (L
0)>

0. (7.4)

The coefficientsare assumedto behavesmoothlyas h —f 0:

g0 = g~°~(t,x)+ 0(h), h0 = h~°~(t,x)+ 0(h). (7.5)

In the limit of h —~ 0, the canonicallyconjugatepair (hO~,x) of operators
is replacedby a canonically conjugatepair (k,x) of coordinateson a two
dimensionalsymplectic manifold. The role of the Lax operatorsL andM is
thenplayedby the Laurentseries

= k + ~ ~

00 00

M = ~ nt~L~’~+ X + ~ ~ (7.6)

which satisfy the canonicalPoissonrelation

{L,M} = 1 (7.7)

andthe Lax-like equations

= {L3~,f}, = {80,M} (7.8)

with respectto the Poissonbracket

B OAOB 0AOB 79{A, } = 13k Ox Ox ak (

Herethe
13r,’s are polynomialsof the form

= (7.10)

and the projectionoperators( )>o and ( )<~are definedby

)�o: projectiononto k°,k’, ..,

)<i: projectionontok’,k2,.... (7.11)

Thesepolynomialsf3~thensatisfy the zero-curvature-likeequations

— ~ + {13m,Bn} = 0. (7.12)

Thus one can reproducethe Lax formalismof the dispersionlessKP hierarchy.
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In the caseof our higherdimensionalhierarchies,we haveanthercanonically
conjugatepair (y, z) that commutewith (h0~,x), hencealtogetherfour oper-
ators (hl3~,x,y, z). Theseoperatorsobey the canonicalcommutationrelations

[hO~,x] = 11, [y,z] =

other commutators= 0. (7.13)

In the limit of h —t 0, theseoperatorswill be replacedby canonicalcoordinates
(k,x,y,z) on a four dimensionalsymplectic manifold, and by the standard
rule

(7.14)

of quantummechanics,the commutatorof operatorswill be reducedto the
four dimensionalPoissonbracket

0AOB 0AOB OADB OAOB
{{A,B}} = ~-~---- - ~ + -~---~--- - .~—.;~5— (7.15)

of functions of (k, x, y, z). The role of Lax and Zakharov—Shabatoperators
will thus be played by functions of (k, x,y,z). Thoseclassicalanaloguesof
Lax andZakharov—Shabatoperatorswill satisfyPoissonalgebraicanaloguesof
the Lax andzero-curvatureequationswith respectto {{ , }}. Let us show
detailsbelow.

7.2. Hierarchy ofcommutingflows

For the hierarchyof t
00 flows, classicalcounterpartsof L, M, U and V are

given by the Laurent series

r = k + 0=I ~

M = ~flt0(t~ U + x +

U = y + ~ ~

V = ~ctt00~~U1’~ + z + ~y~O)f0 (7.16)

where the coefficients ~ ~ ~ and ~ are the leading termsof the
h expansionin (4.10) are (4.21). TheseLaurent series satisfy the canonical
Poissonrelations
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{{r,M}} = {{u,v}} = 1,

otherPoissonbrackets= 0, (7.17)

andthe PoissonalgebraicLax equations

= {{Bn~,.~}}, =
tnt, too

= {{B~,,U}}, = {{B01,,V}}. (7.18)
tfl1’

tfl1’

Herethe classicalcounterpartsB
01, of the Zakharov—ShabatoperatorsB,,1, are

now given by

!3fl~ = (r
0U’)>

0, (7.19)

where

)�o: projectiononto k°,k’,-..,
)<~: projectiononto k’,k

2,..., (7.20)

and satisfy the Poissonalgebraiczero-curvatureequations

____ — OB

0fl + {{Bmo,Bnfl}} = 0. (7.21)
Otnjj Ot,,,1,

Note that if we now imposethe constraints

= 0. ~ = 0 for n = 1,2,...

(~r = y, V = ~c*t01’~~y°~’ + z) (7.22)

only the t,,o flows remainnontrivial. The reducedhierarchyis substantiallythe
sameas the dispersionlessKP hierarchy.

7.3. Hierarchy ofnoncommutingflows

For the hierarchyof (t,p,q) flows, classicalcounterpartsof L, U and V are
given by

= k + ~ g~1k~°,

u = ~p0r° + y + ~

V = ~ q0~° + z + ~ i~°. (7.23)
0=1
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They satisfythe Poissonbracketrelations

{{L,U}} = {~r,V}} = 0, {{U,V}} = 1, (7.24)

and the PoissonalgebraicLax equations

= {{B,,,r}}, h~-~-- = {{C,,,r}}, h~-~- =

h~-~= {{B,,,U}}, h~±~-= {{C0,U}}, h~-~-=

h~-~= {{50,V}}, h-~-~~-= {{C,,,V}}, h~-~--= {{D0,V}}, (7.25)
01,, p0 q0

where130, C0 andV aregiven by

= (r
0)>

0,

= (—Vr0 +

= (u~0 — ~ pmLm+0), (7.26)
m=I -

andsatisfy the Poissonalgebraiczero-curvatureequations

0Bm 013,, 0
— a— + {{ B,,,, B,,}} =Ut0 Ut10

OBm DC0
~T~+{{Bm,Co =Un,, Utm

OBm 0Vn
— ~ + {{Bm,Vn}} = 0,

Uq0 Ut~~

OCm OC,, 11/’
=

Op0 OPm

0Cm 0V0
— + {{Cm,Vn}} = 0,0q0 Op~
- + {{Vm,Vn}} = 0. (7.27)

q0 q,,,

Selfdualgravity can now be reproducedunderthe constraints

~ = 1 for n = 1,2,... (~=~~= k). (7.28)

All t,, flows thenbecometrivial, andupon identifying 2 = k, the reducedhier-
archy of remaining (p,q) flows reproducesthe samehierarchyas constructed
in Ref. [10] for the secondheavenlyequation.Note that in the previoussec-
tion, we first imposedconstraints,then took the h —p 0 limit. In this section,
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we first took the h —~ 0 limit, then put the constraints.We have thus two
routesto the samesecondheavenlyequation.

The statusof the first heavenlyequationis ratherobscurefrom this point
view. As mentionedin the last section,a betterapproachwill be to startfrom a
Todaversionof the hierarchyof (t,p,q) flows, andto considerquasi-classical
limit. Similarly, a Toda version of the hierarchyof t,,~,flows will yield, in the
samequasi-classicallimit, a higherdimensionalextensionof the dispersionless
Toda hierarchy [16].

7.4. Moyal versusPoissonalgebraic hierarchies

Remarkably,unlike the Moyal algebraichierarchies,thesePoissonalgebraic
hierarchiesaresystemsof “algebraicdifferentialequations”—theyconsistof an
infinite numberof equations,but eachequationcontainsonly a finite number
of terms.This is not the casefor the Moyal algebraichierarchy, becausethe
Moyal bracket itself is an infinite power series of h and containsarbitrarily
high order derivativesof the unknownfunctions. First of all, Moyal algebraic
deformationsof the two heavenlyequationsthemselvesare non-algebraicin
this sense.

A drawback is that the dressingoperator method does not work directly
within the Poissonalgebraichierarchies.The dressingoperatormethodcan be
usedonly via the Moyal algebraichierarchies.Twistor theory, which hasbeen
successfulfor selfdualgravity andthe dispersionlessKP and Toda hierarchies
[10,12.16], will provide an alternativeapproach.

8. Conclusion—overviewfrom the point of view of W-infinity algebras

Inspired by the philosophyof the large-A’ limit, we haveconstructedhigher
dimensionalanaloguesof the KP hierarchy.Conceptually,the new hierarchies
may be interpretedas the large-N limit of the N-componentKP hierarchy.
We, however,have avoidedto deal with finite-N modelsand given a direct
constructionof such hierarchies.Fundamentalconstituentsof the hierarchies
arepseudo-differentialoperatorswith Moyal algebraiccoefficients.

Actually, we have found two different types of hierarchy consisting, re-
spectively, of commuting flows and noncommutingflows. The hierarchy of
commutingflows resemblesthe ordinaryandmulti-componentKP hierarchies,
whereasthe hierarchyof noncommutingflows includesMoyal algebraicdefor-
mationsof selfdualgravity as a reduction.

Furthermore,both the commuting and noncommutinghierarchieshave
turned out to possessa quasi-classicallimit, whose Lax formalism is based
on Poissonbracketsrather than Moyal brackets.In the quasi-classicallimit,
the commuting hierarchy gives a higher dimensionalextension of the dis-
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persionlessKP hierarchy. The noncommutinghierarchy,meanwhile, includes
ordinary selfdualgravity as a reduction.

It is instructive to review our results from the point of view of W-infinity
algebras[17]. The following is a list of integrablesystemsthat fall into our
current scope:
(0) ordinaryKP hierarchy (KP),
(1) N-componentKP hierarchy (N-KP),
(2) nonabelianKP hierarchieswith Moyal algebraiccoefficients (MAKP),
(3) Moyal algebraicdeformationsof selfdualgravity (MASDG),
(4) N-componentAKNS—ZS hierarchy (N-AKNSZS).
Theseintegrablesystemsare linked with eachother as the following diagram
indicates:

N-comp.

KP —~ N-KP —f MAKP (8.1)

N-AKNSZS “~“~° MASDG

[Remark:More precisely, the large-N limit of N-AKNSZS gives a reduction
of the commutingMAKP hierarchyratherthanof the noncommutingMAKP
hierarchy,hencethe last line of the above diagramis somewhatinaccurate.]
The following list showsinfinite dimensionalLie algebrasassociatedwith these
integrablesystems:
(0) W00 = ~x’(h0~)’) (ordinary I4f~algebra [17]),
(1) W~= KE1113x’ (h0~)’) (IT~algebra with inner symmetries [18],
(2) W~= (y1’z~x

1(h0j1~(large-N limit of W~[18]),
(3) LMoyal(X) = (y°zfl2I) (loop algebra of Moyal algebra),
(4) Lgl(N) = ~(E1’fl2J~ (loop algebra of gl(N)),
where (...) showsgenerators;E°~denotethe standardgeneratorsof gl(N),

(E1’fl)
11 = ~ (8.2)

The first four of thesealgebrasare of W-infinity type,whereasthe last one is
of Kac—Moodytype. The above diagramof integrablesystemssimultaneously
showsthe interrelationof theseLie algebras:

N-comp. ~ ~ w~°

(8.3)

£gl(N) ~-~-~° L~Moyal(E)

In the limit of h —~ 0, these14”-infinity algebrasare contractedto classical
counterparts.In particular, rMoyal(X) and W~turn into Poissonalgebras
LPoisson(I) andn~ Poisson(M), dim *1 = 4. This is exactlywhatwehave
seen in the transitionfrom Moyal algebraichierarchiesto Poissonalgebraic
hierarchies.
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We conclude this paper with a list of issues to be pursued along the same
line of approach. These issues will be discussedelsewhere.

(a) Toda version ofMAKP. Wenoted in a previoussectionthat a Todaver-
sion of MAKP will give a naturalframeworkfor dealing with the first heavenly
equationof selfdualgravity. This shouldbe a ratherstraightforwardextension,
simply replacingpseudo-differentialoperatorsby difference operators (with
Moyal algebraiccoefficients).

(b) More detailedstudy of Poissonalgebraic hierarchies. The Poissonalge-
braichierarchieswill providenew materialfor the twistor theoreticalapproach
to nonlinearintegrablesystems.Furthermore,as the dispersionlessKP hier-
archy is applied to Landau—Ginzburgmodelsof topological strings [19], the
higherdimensionalhierarchiesmight be relatedto similar physicalmodels.

(c) Multi-componentversionofMAKP. This extensionis also straightforward,
just redefining the pseudo-differentialoperators IT’, L, etc. to have N x N
matrix valued coefficients with Moyal algebraicmatrix elements.Accordingto
a preliminary analysis(we omit details), a hierarchyof Bogomolny-type[20]
can be derived from this N-componentversion (N-MAKP) as a reduction.
Thus the previousdiagramcan furtherbe enlargedas:

MAKP N-Comp. N-MAKP

I~.eduction (8.4)
Bogomolny

This reductionis howeversomewhatstrange—constraintsareimposedon both
the dressingoperatorand the time variables.This interpretationof Bogomolny
hierarchiesresemblesthe “D-module approach”of Satoet al. [21]. Further-
more, the fact that the time variables,too, haveto be constrainedis somewhat
reminiscentof the “small phasespace” of Landau—Ginzburgmodels [19].

(d) Hierarchies with coinpactified Moyal algebras. In the caseof a torus,
the Moyal algebra (or “quantum torus algebra”)hasan invariant trace [22].
This will allow us to constructa higher dimensionaltau function, becausethe
usual traceof gl(N) playsan implicit but substantialrole in the theory of tau
functionsof multi-componentKP hierarchies.
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